We first develop a method to calculate a complete set of mode functions that describe the quantum fluctuations generated in one-bubble open inflation models. We consider two classes of models. One is a single scalar field model proposed by Bucher, Goldhaber, and Turok and by us as an example of the open inflation scenario, and the other is a two-field model such as the ''supernatural'' inflation proposed by Linde and Mezhlumian. In both cases we assume the difference in the vacuum energy density between inside and outside the bubble is negligible. There are two kinds of mode functions. One kind has the usual continuous spectrum and the other has a discrete spectrum with characteristic wavelengths exceeding the spatial curvature scale. The latter can be further divided into two classes in terms of its origin. One is called the de Sitter supercurvature mode, which arises due to the global spacetime structure of de Sitter space, and the other is due to fluctuations of the bubble wall. We calculate the spectrum of quantum fluctuations in these models and evaluate the resulting large angular scale CMB anisotropies. We find there are ranges of model parameters that are consistent with observed CMB anisotropies. ͓S0556-2821͑96͒05320-9͔ PACS number͑s͒: 04.62.ϩv, 98.80.Cq
I. INTRODUCTION
Motivated by observations that we may live in a lowdensity universe ͓1-3͔, several authors have considered a possible scenario that realizes an open universe (⍀ 0 Ͻ1) in the context of inflationary cosmology ͓4-7͔. In contrast with the standard inflation models that predict a spatially flat universe (⍀ 0 ϭ1), this scenario predicts a universe with spatially negative curvature. In this scenario, the nucleation of a vacuum bubble plays an essential role. In general, the bubble nucleation process is described by the bounce solution with O͑4͒ symmetry, which is a nontrivial classical solution of the field equation in Euclidean spacetime ͓8,9͔. Then the expanding bubble after nucleation is described by the classical solution obtained by analytic continuation of the bounce solution to Lorentzian spacetime. Owing to the O͑4͒ symmetry of the bounce solution, the expanding bubble has the O͑3,1͒ symmetry. This implies that the system is homogeneous and isotropic on the hyperbolic time slicing inside the bubble and that the creation of one bubble can be regarded as the creation of an open universe.
To obtain a realistic model of an open universe, the flatness ⍀ 0 ϳ1 and the homogeneity and isotropy of the universe should be realized inside the bubble. This requirement can be satisfied by assuming, for example, a scalar field with a potential such as in the new inflation scenario but with a high potential barrier before the slow-rolling inflationary phase ͓4,5͔. In addition, the high potential barrier keeps the bubble collision rate small; hence, the homogeneity and isotropy of the one-bubble universe is not disturbed by the other nucleated bubbles. Then the second inflation inside the bubble inflates the universe and explains the flatness ⍀ 0 ϳ1. Linde and Mezhlumian have proposed another ͑per-haps more natural͒ model of open inflation by introducing two scalar fields ͓6,7͔, but the essential feature of the scenario is the same as the former.
The interesting problem is the origin of fluctuations in this open inflationary scenario. Following the usual picture that quantum fluctuations of the scalar field generate the initial density perturbations, we need to investigate the quantum state of the scalar field after bubble nucleation. According to previous investigations, the open inflation scenario shows interesting varieties of the fluctuations. The bubble nucleation process can excite fluctuations of the scalar field and may increase the power of density fluctuations on the scale of spatial curvature ͓10,11͔. Also, it has been shown that peculiar discrete modes of fluctuations on the supercurvature scale may exist ͓12͔ and contribute to cosmic microwave background ͑CMB͒ anisotropies in an open universe ͓5,13͔. Very recently, generation of another type of supercurvature perturbations that originate from the bubble wall perturbations has been discussed ͓11,14,15͔.
In this paper, we develop a method to calculate these varieties of fluctuations in the open inflationary universe and evaluate the power spectrum of the resulting CMB anisotropies. In order to perform a detailed analysis of the power spectrum, it is necessary to specify the model to some extent. Here we consider two classes of models. One is a single scalar field model ͑model A͒ proposed by Bucher, Goldhaber, and Turok ͓4͔ and by ourselves ͓5͔. The other is a two-field model ͑model B͒ in which the false vacuum decay and inflation inside the bubble are governed by two different scalar fields, such as the supernatural inflation proposed by Linde and Mezhlumian ͓7͔. For simplicity, we assume the difference in the vacuum energy density between inside and outside the bubble is negligible in both models. Our method is based on the formalism we developed previously for computing the mode functions during and after bubble nucleation ͓16,17,12͔.
This paper is organized as follows. In Sec. II we describe our method of calculating quantum fluctuations of the inflaton field. We assume that the reaction to the geometry can be neglected; i.e., the nucleation occurs in the de Sitter spacetime background. Then, in Sec. III, we investigate the evolution of fluctuations inside the bubble in an open inflationary stage and derive the formulas for calculating the initial perturbation spectrum of the open universe and the resulting CMB anisotropies. In Sec. IV we evaluate the CMB anisotropies in two simple models and examine their viability. Section V is devoted to conclusions. We adopt the units cϭបϭ1.
II. FORMALISM
In this section, we describe our formalism for investigating quantum field fluctuations inside a bubble. Pioneering work on the quantum state of a nucleating bubble was done by Rubakov ͓18͔, Kandrup ͓19͔, and Vachaspati and Vilenkin ͓20͔. Recently, we have developed a formalism to investigate the quantum state of a scalar field after false vacuum decay based on the WKB wave function of a multidimensional tunneling system ͓16,21͔. The formalism has been applied to the bubble nucleation that occurs on the Minkowski background, and the spectrum of field fluctuations after the decay has been studied ͓10,11͔. The basic formalism has been extended to the case in which the bubble nucleation occurs on the de Sitter spacetime ͓17͔. There the effect of the nontrivial geometry of the instanton with gravity, i.e., the Coleman-De Luccia instanton ͓9͔ was taken into account. At that time, however, the appropriate set of the mode functions for describing the initial vacuum state, which is expected to be the Bunch-Davies vacuum due to the sufficient inflation before the tunneling, was not known. Thus there was a technical difficulty in applying our formalism. Recently, we have succeeded in describing the Bunch-Davies vacuum state in the spatially open chart ͓12͔. Thus this problem has been overcome. Combining the results in these two papers ͓17,12͔, we now have a tool to handle the quantum fluctuations after tunneling that includes the effect of the geometry of the Coleman-De Luccia instanton similar to the case in the Minkowski background ͓10͔.
In the present paper, we consider simple open inflation models in which the geometry of the Coleman-De Luccia instanton can be approximated by the pure de Sitter spacetime. That is, we consider the case in which the potential energy difference between the two vacua of the tunneling filed is small. We consider the action
where the potential V() is assumed to have the form as shown in Figs. 1͑a͒, 1͑b͒ to realize the false vacuum decay. As we mentioned above, we take account of the effect of gravity only as a curved background that is assumed to be de Sitter space. We denote the value of at the false vacuum by F . The field is the inflaton in the nucleated bubble. We divide them into two parts as ϭ B ϩ. B is the semiclassical, spatially homogeneous part of the field and represents the quantum fluctuations around this background. We neglect the quantum fluctuations of and denote its O͑4͒-symmetric background by B . Because of the O͑4͒ symmetry of the instanton, B is a function of only one coordinate, say . In addition, we assume B also respects the O͑4͒ symmetry. Thus the model we have in mind is a two-field one, with B being constant at B ϭ F . Note that we can consider a single field model by identifying with the quantum fluctuations of and letting U(,)ϭVЉ() 2 /2. With these assumptions, the action for reduces to
͑2.2͒
where
As noted above, in the case of a single field model, B and M 2 () in the following discussion should be replaced by B and ‫ץ(‬ 2 V/‫ץ‬ 2 )͓ B ()͔, respectively. Our formalism is summarized in the following. It is based on the WKB wave function that describes the tunneling de- cay in a multidimensional system ͓16,17͔. The construction of the wave function was originally developed by Gervais and Sakita ͓22͔. The wave functional is written in terms of the bounce solution B , which gives the semiclassical picture of the nucleation and expanding bubble, and a set of mode functions that describe the quantum fluctuations on the bounce solution ͓16͔. The boundary condition for these mode functions is determined from the fact that the wave function describes the false vacuum state at B ϭ F . It then turned out that the procedure to obtain the appropriate set of mode functions is equivalent to finding out a complete set of those that are regular in one hemisphere of the Euclideanized de Sitter space ͓17,12͔. That is, to find a complete set of mode functions v k that obey
in the Lorentzian region, and that are regular on the Im tϽ0 hemisphere. Here, it is important to note that ''a complete set'' means a set of all modes that are properly normalized by the Klein-Gordon norms on a Cauchy surface ⌺ of spacetime:
͑2.5͒
where the bar denotes the complex conjugate. Once they are obtained, the quantum fluctuations of the field are described by the ''vacuum state'' ͉⌿͘, such that â k ͉⌿͘ϭ0 for any k where the fluctuating field is expressed as
in the Heisenberg representation, with â k and â k † being the annihilation and creation operators, respectively. Thus the mode functions v k play the role of the positive frequency functions.
To write down the equation for the mode functions, we introduce the coordinates in the de Sitter spacetime following Ref. ͓12͔. The four-dimensional Euclidean de Sitter space is a four-sphere. The metric is represented as
where Ϫ/2рр/2, 0рр, and a E ()ϭH Ϫ1 cos. The mode functions are required to be regular on the 0рр/2 hemisphere.
The coordinate systems in the Lorentzian de Sitter space are obtained by analytic continuation as
We find that each set of these coordinates covers three distinct parts of the Lorentzian de Sitter spacetime, which we call the regions R, C, and L ͑see Fig. 2͒ . The metrics in these three regions are given by
respectively, where a(t)ϭH Ϫ1 sinh t. We assign the region L to be in the false vacuum sea and the region R to describe the open universe inside the bubble.
The equation for the bounce in the Euclidean region is given by
The equation in the Lorentzian region is given by the analytic continuation of the coordinates as specified in Eqs. ͑2.8͒. The fluctuation field obeys, in the Euclidean region, 
͑2.14͒
The requirement that the mode functions be regular at ϭr L ϭr R ϭ0 fixes the form of f pl to be ͓12͔
͑2.15͒
where rϭi in the Euclidean region. The ⌫-function factor in front is attached so that the functions Y plm (r,⍀) :ϭ f pl (r)Y lm (⍀) become properly normalized harmonics on the hyperbolic slices in the region R or L:
͑2.16͒
As we have noted before, a complete set of mode functions should be properly normalized on a Cauchy surface. Therefore we consider the mode functions in the region C, since it is the region in which complete Cauchy surfaces exist. It should be noted that f pl play the role of the positive frequency functions there. Then the remaining tasks are ͑1͒ to find the possible spectrum of p that may give finite KleinGordon norms and ͑2͒ to properly normalize the mode functions if they are normalizable.
To accomplish the first task, we now consider the equation for p ͑2.13͒. In the region C, the equation for p remains the same because t C ϭ. Introducing the conformal coordinate by the relation xϭsinϭtanh, the metric in the region C becomes
where a E ϭ(H cosh) Ϫ1 and Eq. ͑2.13͒ is rewritten as 
in the following discussion.
A. Continuous modes
We first consider the continuous spectrum mode functions of p 2 Ͼ0. For these modes, it has been shown that the KleinGordon norms can be evaluated by the sum of those on the hyperbolic slices on the regions R and L ͓12͔. Since in the regions R and L, M 2 is supposed to be constant, p is given by an associated Legendre function P Ϫ1/2
with ϭͱ9/4ϪM 2 /H 2 . To construct the normalized mode functions, we begin with the following mode functions in the regions R and L:
where 1 The spatial harmonics behave as Y plm (r)ϰe Ϫr for p 2 Ͼ0. As rϭ1 corresponds to the scale of spatial curvature, fluctuations described by the harmonics with p 2 Ͼ0 represent those that decay exponentially on scales larger than the curvature scale. In contrast, harmonics with p 2 ϭϪ⌳ 2 Ͻ0 behave as Y ⌳lm ϰe (⌳Ϫ1)r and, hence, describe fluctuations over scales larger than the curvature scale ͓23,24͔. The name ''supercurvature'' originates from this fact.
with Јϭͱ9/4Ϫm 2 /H 2 Ϫ1/2 and Јϭͱ9/4ϪM 2 /H 2 Ϫ1/2. The norms of these functions are given by
If we analytically continue p (R) to the region L by solving Eq. ͑2.18͒ in the region C, p (R) will be expressed in terms of
Hence we consider the mode function
From the property of the analytic continuation ͓12͔ and the reality of the Eq. ͑2.18͒, there exists a symmetry
in the region C. Then we obtain
Further, defining the Wronskian by
␣ p and ␤ p are expressed as
and we have
Also from the analytic continuation of Eq. ͑2.23͒ we obtain
Thus we find
Now we define 
To find the orthonormalized mode functions, we must find a matrix M Ј that diagonalizes the matrix 2 K Ј (,Ј ϭϩ,Ϫ). It can be chosen as
͑2.36͒
Note that the matrix K Ј is Hermitian with positive eigenvalues, as it should be. Then the orthonormalized mode functions are given by
͑2.37͒
B. de Sitter supercurvature mode
Next we consider the discrete mode that arises due to the spacetime structure of de Sitter space. As mentioned above we consider the wall perturbation mode separately later. For convenience, we set pϭi⌳ and look for a possible value of ⌳. When there is no bubble wall, it has been shown that there arises a mode with ⌳ϭЈ (Јϭͱ9/4Ϫm 2 /H 2 Ϫ1/2) when ЈϾ0 (m 2 Ͻ2H 2 ) ͓12͔. In the present case, because the wall is present and the mass changes from M to m, such a mode may or may not exist, depending on the function M 2 even if m 2 Ͻ2H 2 . In the region C, we consider the solution of the form
where we set the form of ⌳ as
near both boundaries of the region C. The regularity condition at t C ϭϪ/2 is that the mode function should be less singular than (t C ϩ/2) Ϫ1 , hence ⌳ →0. Using the asymptotic behavior of P (z) at z→Ϫ1 ͓25͔, this requires the ratio
Similarly, the regularity condition at t C ϭ/2 demands that ␥ ⌳ should vanish:
͑2.41͒
Then we need to solve the Eq. ͑2.18͒ with the above boundary conditions in both ends. Thus the problem is to find the eigenvalue ⌳ and the corresponding normalized eigenmode. This eigenvalue problem will be solved for a simple model in Sec. IV. Now let us consider the normalization of the supercurvature mode. The Klein-Gordon inner products of the mode functions u ⌳lm are calculated in the region C as
Thus, the normalized mode functions v ⌳lm are given by
In particular, by analytic continuation to the region R ͑inside the bubble͒, we obtain the de Sitter supercurvature mode functions in the open universe as
͑2.45͒
C. Wall fluctuation mode
Recently, several authors have discussed the effect of the bubble wall fluctuations ͓11,14,15͔. The wall fluctuation mode appears when we consider the quantum flucuations of the tunneling field itself, which is the case of a single field model. As mentioned before, M 2 should be regarded as VЉ( B ) in this case.
Since the wall fluctuation mode is one of the discrete modes, the formula obtained in the previous subsection is applicable. However, besides the fact that the origin of the discrete spectrum is different from the de Sitter supercurvature mode, the corresponding solution of Eq. ͑2.18͒, W , can be written down formally in this special case. Hence we consider this mode separately in this subsection.
It is well known that the time derivative of the bounce solution satisfies the equation of fluctuations, related to the zero mode problem ͓26͔. In fact, we can derive the following equation directly from Eq. ͑2.10͒:
This is just the equation of fluctuations, i.e., Eq. ͑2.11͒ with the eigenvalue of ϪL 2 given by 1ϩp 2 ϭϪ3, or ⌳ 2 ϭϪp 2 ϭ4. Then if they have finite Klein-Gordon norms, they will contribute to the quantum fluctuations inside the bubble.
Therefore let us consider the mode functions
Calculating the Klein-Gordon norms, we obtain
͑2.50͒
Note that N W has the dimension of (mass) 2 . As one can readily see, the Klein-Gordon norms vanish for lϭ0 and 1. One may think that they give a divergent contribution to the fluctuations. However, they simply represent the temporal and spatial translations of the origin of the bounce solution, i.e., they are the zero modes. Hence we do not have to take these modes into account ͓26͔. On the other hand, the modes with lу2 do have finite Klein-Gordon norms and they contribute to the fluctuations ͓11͔. We note that in the exact thin-wall limit, the amplitude of these modes are nonzero only on the bubble wall and they do not contribute to the fluctuations in the open universe ͑region R). It is crucially important that B is not exactly zero off the wall, however small it may be. Then the normalized mode functions are given by v W,lm ϭͱ ⌫͑lϩ3͒⌫͑lϪ1͒
Analytically continuing the mode functions into the region R, we have in the open universe
͑2.52͒
where Y ⌳lm has been defined in Eq. ͑2.46͒. An important property of this mode is that the second-rank tensor constructed from the spatial harmonic function happens to be transverse traceless ͓11͔. Furthermore, the gauge-invariant density perturbation ⌬, which represents the density perturbation on the comoving hypersurface, vanishes identically. Thus it may be viewed as a kind of gravitational wave mode ͓14͔. However, in order to treat all the modes on an equal footing, we do not take that view here.
To summarize this section, we have discussed the three distinct kinds of mode functions that describe quantum fluctuations in open inflation models. The first one is the usual modes having continuous spectrum. The other two are modes with discrete spectra: the de Sitter supercurvature mode and the wall fluctuation mode. These quantum fluctuations give rise to cosmological metric perturbations that will be reflected in observational quantities. We will discuss this aspect of the quantum fluctuations in the next section.
III. INITIAL FLUCTUATIONS IN OPEN UNIVERSE AND LARGE-ANGLE CMB ANISOTROPIES
Once we have the mode functions that describe the quantum state of the inflaton field inside the bubble, we can investigate the evolution of resulting cosmological perturbations in the open inflationary stage and the subsequent stage of the open Friedmann universe, which can be compared with observational data. In this section, we first consider the initial condition of the cosmological perturbations generated during the open inflationary stage, based on the results obtained in the previous section. Since the inflaton is almost massless during the open inflationary stage inside the bubble, we set m 2 ϭ0. Then we relate it to the spectrum of largeangular scale CMB anisotropies. Below, we work in the region R that describes the open universe inside the bubble. We write the line element as
where a is the scale factor, t is the cosmological proper time, 3 is the conformal time, and
At the open inflationary stage, the scale factor is assumed to be given by
where H is sufficiently slowly varying in time.
Just after the bubble is formed, or in the spacetime region close to the boundary light cone of the region R, the universe is dominated by the curvature term, or the matter energy density can be neglected. Hence the metric perturbations induced by the quantum fluctuations of the scalar field are negligible. On the other hand, there exists a time slicing on which the effect of metric perturbations is minimal, called the flat hypersurfaces. This implies that the fluctuations described by the mode functions we have obtained in the previous section may be regarded as those on the flat hypersurfaces. It is easy to show that the curvature perturbation on the comoving hypersurface R c is related to the scalar field perturbation on the flat hypersurface as R c ϭϪȧ /(a B ) ͓27͔. Assuming the perturbation is adiabatic, R c completely determines the metric and matter perturbations of scalar type ͑i.e., those that can be expanded in terms of scalar harmonics on the three-space͒. An important property of R c is that it remains constant on superhorizon scales as long as the perturbation is adiabatic, irrespective of the background spatial curvature of the universe ͑see Appendix A͒. Hence what we need to evaluate is the amplitude of R c for each mode when the mode passes the horizon scale. Assuming B and H are sufficiently slowly varying at the inflationary stage, we may then evaluate R c at the limit →0 (a→ϱ). Thus we have 3 Up to now we have used the nondimensional time normalized by the Hubble parameter. From now on, we recover the dimension of time in t.
͑3.4͒
The spectrum of the curvature perturbation on the comoving hypersurfaces is given as follows. Expanding the curvature perturbation by modes
the power spectrum of the curvature perturbation is given by ͉R p ͉ 2 :ϭ ͚ ͉R p ͉ 2 for continuous modes, by ͉R ⌳ ͉ 2 for de Sitter supercurvature mode, and by ͉R W ͉ 2 for wall fluctuation mode.
First we consider the continuous modes. From Eqs. ͑2.37͒ and ͑3.4͒, we find after some algebra,
͑3.7͒
It may be worthwhile to compare this result with the spectra of the Bunch-Davies vacuum state ͓5,13͔ and the conformal vacuum state ͓27,28͔. In these case we have
respectively. The result of our model ͑3.6͒ differs from that of the Bunch-Davies one in the last factor (1ϪY ), which represents the effect of the mass difference outside the wall. However, as Y →0 for p→ϱ, the spectra in all the three cases behave as ͉R p ͉ 2 ϰ1/p 3 for pӷ1, which shows the perturbations have the Harrison-Zel'dovich spectrum on scales smaller than the curvature scale, irrespective of the choice of vacuum. The difference appears on and above the curvature scale, and it may become important when considering largeangular scale CMB anisotropies.
As for the de Sitter supercurvature mode, the spectral amplitude is given from Eq. ͑2.45͒ as
We note that, in the Bunch-Davies vacuum limit, we have ⌳→1 and N ⌳ →1/2, which gives
The amplitude of the wall fluctuation mode is given from Eq. ͑2.52͒. We identify B with B and note that
One sees that it is quite different from those of the other modes; it contains no information of how the field evolves at the open inflationary stage but is completely determined by the part of the potential that governs the false vacuum decay. Now we consider the CMB anisotropies predicted in our open inflation models using the initial conditions obtained in the above. The power spectra of CMB anisotropies in open models have been well investigated in the case where the scalar field is in the conformal vacuum ͓27-30͔ or in the Bunch-Davies vacuum ͓5,13͔. Since we expect the difference between the present models and the previously investigated models arises only on large angular scales, we focus on low multipoles (lϽ20) of the spectrum. Concerning the wall fluctuation mode, as we have mentioned, it has a very interesting property that the perturbation in the spatial curvature induced by it is transverse traceless ͓11͔. Hence it may be regarded as a tensor mode perturbation. Garriga has investigated the evolution of this mode in the open inflationary universe from this point of view ͓14͔. On the other hand, Garcia-Bellido has analyzed the wall fluctuation mode by regarding it as a scalar perturbation ͓15͔. In this paper, in order to treat all the modes in a unified manner, we take the latter approach, i.e, we regard the wall fluctuation mode as a usual scalar perturbation except for the fact that p 2 ϭϪ4. For completeness, a proof that both approaches are equivalent is given in Appendix B.
From the perturbed Einstein equations, the evolution equation of R c becomes
͑3.13͒
where the prime denotes the conformal time derivative KϭϪ1 for an open universe and the source term S can be neglected if the universe is matter dominated ͑see Appendix A͒. Since R c ϭconst at the very early stage of the hot Friedmann universe, the relevant solution of it is the so-called growing mode solution. Here we consider R c on sufficiently large scales that it reenters the horizon after the universe becomes matter dominated. In this case, the line element is described by Eq. ͑3.1͒ with the scale factor a() ϰcosh Ϫ1 (Ͼ0). Then we obtain
͑3.14͒
where R c,i is the initial amplitude determined at the inflationary stage of the universe, the spectrum of which is given by Eqs. ͑3.6͒, ͑3.10͒, and ͑3.12͒. Given the solution ͑3.14͒, we can compute the temperature fluctuations in the open universe in the gauge-invariant formalism ͓31͔. For this purpose, we consider the gaugeinvariant variables ⌿ and ⌽ that describe the gravitational potential perturbation and the curvature perturbation, respec-tively, on Newtonian slicing ͓32͔. We have ⌿ϩ⌽ϭ0 in the present case. Then ⌽ is related to R c as ͑see Appendix A͒ 
͑3.17͒
Note that we have ⌽ϭ 3 5 R c in the limit →0. In the case of p 2 ϭϪ4, the same result has been obtained by GarciaBellido ͓15͔. The potential perturbation gives rise to CMB anisotropies on large angular scales. Writing the temperature autocorrelation function in the form
the multipole moment C l is given by a sum of contributions from the continuous modes and the two supercurvature modes:
͑3.19͒
Assuming that the conformal time of the last scattering surface is sufficiently small, LSS Ӷ1, but the universe is well matter dominated by that time, we obtain ͓31͔
where 0 is the conformal time at present, f pl is the function given in Eq. ͑2.15͒ and
͑3.23͒
Here a word of caution is appropriate. The redshift of the matter-radiation equal time is z eq Ϸ4.2ϫ10 4 ⍀ 0 h 2 , where h is the Hubble constant normalized by 100 km/sec Mpc and hՇ1 from observations. In addition, cosh LSS ϭ1ϩ(⍀ 0 Ϫ1 Ϫ1)/(1ϩz LSS ) where z LSS is the redshift of the last scattering surface (ϳ1000). Therefore the above formula for C l becomes inaccurate for ⍀ 0 Ӷ0.1. We should also note that we have put LSS ϭ0 for simplicity in actual calculations.
Hence our results presented in the next section may have errors of ϳ10% for ⍀ 0 ϳ0.1. Before closing this section, we mention that the formalism developed in the previous two sections can be extended to more general cases. Namely, as long as the regions R and L are described by de Sitter space, it is not necessary to have the same Hubble parameter for these two regions. Let H R and H L denote the Hubble parameters in the region R and L, respectively. Then it is easily recognized that all H's appearing in the formulas in the present section should be identified with H R . Further, in this case, as the scale factor is different from that of de Sitter space in the region C, but the formulas written in terms of the conformal coordinate do not contain H explicitly except for Eq. ͑2.18͒, what we need to do is to replace the potential in Eq. ͑2.18͒ by
where is now defined in such a way that the metric in the region C takes the form ͑2.17͒ with a E () being a general function of .
IV. SPECTRUM OF THE CMB ANISOTROPIES PREDICTED BY SOME MODELS
In this section, we apply our formulas obtained in Secs. II and III to simple models of the open inflation scenario.
A. Single field model
We first consider a model with a single scalar field with the potential as shown in Fig. 1͑a͒ . The tunneling field becomes the inflaton field after the tunneling. Thus the mass square of the fluctuation field is given by M 2 () ϭVЉ( B ). Its typical shape is rather complicated, as shown in Fig. 3.   FIG. 3 . A schematic picture of M 2 as a function of (ϭt C ) in the case of a single field model.
Because of the complexity of M 2 (), the analysis of this model is difficult in general. However, the mass of the inflaton in the false vacuum M must be large compared with H in order that the tunneling is not dominated by the HawkingMoss instanton ͓33͔ as explained in Ref. ͓7͔. Furthermore, as there are many subtleties 4 in models with M 2 ϳH 2 , we leave it as a future problem. Here we assume M 2 ӷH 2 . Then the potential barrier between the two asymptotic regions at →Ϯϱ is so high that the coherence between regions R and L are exponentially suppressed as long as we consider the modes with p 2 ӶM 2 /H 2 , which is the case of our present interest. So one of the two modes corresponding to the same p can be set to vanish at →Ϫϱ and the other at →ϩϱ. Then automatically they are orthogonal to each other. Since the field equation ͑2.18͒ is real in the region C, we can choose the mode that vanishes in the region L to be real in the region C. Then analytically continuing it to the region R, the normalized mode that does not vanish in the region R can be written as
where we set mϭ0 and ␦ p is a real constant that depends on the detail of the potential. Using this mode function, the amplitude of R p is evaluated as
Comparing this result with the spectra for the Bunch-Davies vacuum ͑3.8͒ and the conformal vacuum ͑3.9͒, we find that the difference between the present spectrum and ͉R p ͉ BD 2 is no greater than the difference between ͉R p ͉ BD 2 and ͉R p ͉ C 2 . As was clarified in ͓5͔, the effect of the difference between the Bunch-Davies vacuum and the conformal vacuum on C l (C) is always negligibly small independent of ⍀ 0 . Thus as far as the continuous modes are concerned, we do not have to perform further calculations.
Next we consider the discrete mode. As mentioned above, the wall fluctuation mode is always present when we consider the flucuations of the tunneling field itself. Then the question is whether there exists another discrete mode like the de Sitter supercurvature mode. The answer is no as long as M 2 ӷH 2 . The reason why is explained in Appendix C. In the general case, we do not have an answer to this question, 5 but we do not discuss the de Sitter supercurvature mode any further. We focus on the wall fluctuation mode below.
The wall thickness is roughly evaluated by the inverse of the curvature scale of the potential as M Ϫ1 . Since we are now assuming that M 2 ӷH 2 , it will not be too crude to adopt the thin-wall approximation. Then one can evaluate N W as
where R is the radius of the wall and S 1 is the tension of the wall. If one uses the reduced Euclidean action written in terms of R, S 1 , the potential energy density inside the bubble V R ͑true vacuum͒ and outside the bubble V L ͑false vacuum͒, R is determined in terms of the other parameters by minimizing the action as ͓37,15͔
where ⌬VϭV L ϪV R . Then the final result for the amplitude of the wall fluctuation mode is
where H L and H R are the Hubble parameters in the regions L and R, respectively. Note that although we assumed (H L ϪH R )/H R Ӷ1, the difference H L ϪH R may not be negligible in the determination of the amplitude of the wall fluctuation mode. Now we consider the CMB power spectrum due to the wall fluctuation mode. Figure 4 shows the power spectrum of CMB anisotropies l(lϩ1)C l (W) for various values of ⍀ 0 . The curves are normalized by H 2 /RS 1 . As discussed before, the amplitude of the CMB anisotropies due to the wall fluc-4 For example, the formalism developed in ͓17͔ that we used as a given result in the present paper is not applicable to the case in which the wall is spreading so broadly that we cannot approximate B () by F for Ͻ0. When M 2 ϳH 2 , the wall necessarily becomes broad. 5 We note an issue related to this problem. One can show that the nonexistence of another discrete mode in the range Ϫ4Ͻp 2 Ͻ0 is a sufficient condition for the uniqueness of the negative eigenvalue mode in the one-loop order calculation of the tunneling rate in the path integral approach ͓34-36͔. But the uniqueness has not been proved for the tunneling on the de Sitter background as far as we know. tuation mode are determined by the nature of the bubble wall. This gives an independent constraint on open inflation models. In particular, the spectrum of CMB anisotropies rises sharply towards lower multipoles for open models with ⍀ 0 տ0.2. Hence if this mode dominates over the other mode contributions, such single field models will be severely excluded by the Cosmic Background Explorer ͑COBE͒ data ͓38͔. This issue has been recently investigated by Garriga ͓14͔ and Garcia-Bellido ͓15͔.
To carry on with further analysis, we have to specify the model in more details. Let us parametrize the potential V() by M 2 , V L , V b and ⌬V as shown in Fig. 1͑a͒ . We assume V()ӶM Pl 4 , M ӶM Pl where M Pl is the Planck mass, ⌬V/V L Ӷ1 and the potential has the unique curvature scale M 2 in the region C. Then, as the wall thickness is essentially given by M Ϫ1 , we have
Further we assume V()ϳM Pl 4 (/M Pl ) 2n (nϭ1,2, . . . ) on the right of the barrier, where Ӷ1 as in the chaotic inflation.
There are three requirements to be satisfied. ͑1͒ The tunneling must be dominated not by the Hawking-Moss instanton but by the Coleman-De Luccia instanton. This requires that M 2 Ͼ4H 2 . ͑2͒ The tunneling rate ⌫ must be suppressed enough in order to avoid the fluctuations caused by the bubble collisions. This implies that ͓8,9͔ 
͑4.8͒
We assume requirement ͑1͒ is satisfied and investigate the conditions on the potential parameters derived from requirements ͑2͒ and ͑3͒. From the slow roll equation of motion, we have
Since the left-hand side of this must be smaller than unity, we should have
Using the fact S 1 ϳV b /M and ⌬VӶV L , we find the first inequality is automatically satisfied if the second one is, which is reexpressed as
If this condition is satisfied, we also find requirement ͑2͒ is fulfilled. Thus if the potential barrier is high enough, ap-
ϫV L , the wall fluctuation mode will become harmless. Apart from the intrinsic unnaturalness of a single field model, it is not difficult to construct models that satisfy the above constraint. Hence we conclude that a single field model remains still viable.
B. Two-field model
Next we consider a two-field model in which the tunneling field and the inflaton in the nucleated bubble are different. The supernatural inflation model proposed by Linde and Mezhlumian ͓7͔ is included in this category. We consider the following situation. Before tunneling, is at the minimum of the potential L with mass M . During the tunneling, the potential of changes to an almost flat but slightly declined one, i.e., V Ј 0 and V Љ ϳ0. Thus L is no longer the minimum of the potential in the nucleated bubble. Therefore begins the slow rolling to the new minimum of the potential.
In the following calculation, we assume that the gradient of the potential is so small that we can neglect its effect in estimating the amplitude of the fluctuations , though the condition under which this neglection is justified is not clear. Then our present formalism can be applied. For simplicity, we also assume that the thin wall approximation is valid. We denote the radius of bubble wall by Rϭa E ( 0 )ϭH Ϫ1 cos 0 . Then the bubble wall trajectory in the Lorentzian region is described by the hypersurface t C ϭ 0 ϭconst in the region C.
Under these assumptions, we can evaluate the fluctuation spectrum inside the bubble by applying the formulas obtained in Sec. III with M 2 given by First we consider the continuous spectrum. As the mass is constant both outside and inside the wall, we find that the solution of the Eq. ͑2.18͒ becomes
The coefficients ␣ p and ␤ p are determined by the junction condition at the wall in the region C:
Then ␣ p and ␤ p given by Eqs. ͑2.28͒ can be now easily evaluated on the wall. We have numerically evaluated the spectrum of the continuous modes. Figure 6 shows the power spectra of ͉R p ͉ 2 for various values of M and R, normalized by the BunchDavies vacuum spectrum. Figure 6͑a͒ shows the case when the mass outside the bubble is M /Hϭ2. The lines are the power spectra for the wall radii HRϭ0.1, 0.5, 0.7, and 0.9. One sees the spectra for all the wall radii are almost the same and they coincide with that of the Bunch-Davies vacuum except for the small range of very small p. On the other hand, Fig. 6͑b͒ is the case M /Hϭ10 with the lines showing the power spectra for HRϭ0.1, 0.5, 0.7, and 0.9. For M /Hӷ1, we can apply the discussion given in Sec. IV A, around Eq. ͑4.2͒. There we have seen that the spectrum does not differ much from the case of the Bunch-Davies vacuum. Thus the increase in the amplitude at pՇ1 will saturate as M /H→ϱ. In both Figs. 6͑a͒ and 6͑b͒, all the lines rapidly approaches unity at pӷ1, which corresponds to the Harrison-Zel'dovich spectrum, in accordance with our expectation.
Next we turn to the discrete spectrum. Again the mode function is readily solved by means of the associated Legendre function. Thus eigenvalue probem reduces to Eq. ͑2.40͒ with ␣ ⌳ and ␤ ⌳ given in terms of the junction condition at t C ϭ 0 as
͑4.15͒
It is instructive to show an analytically solvable example of this eigenvalue problem. Let us consider the case M 2 ϭ2H 2 (Јϭ0) and m 2 ϭ0 (Јϭ1). In this case, the associated Legendre functions are expressed in terms of elementary functions:
͑4.16͒
Also, Eq. ͑2.40͒ reduces simply to ␤ ⌳ ϭ0; hence, from Eq. ͑4.15͒, where x 0 ϭsin 0 ϭͱ1Ϫ(HR) 2 . This result shows that ⌳ becomes larger as the wall radius increases.
For general M 2 , we need numerical evaluation. Since 0Ͻ⌳р1 in the exact de Sitter case with the upper limit attained when m 2 →0, we expect any introduction of finite mass outside the wall will reduce ⌳ to a value less than unity. Hence we look for an eigenvalue in the range 0Ͻ⌳Ͻ1. Figure 7 shows ⌳ as a function of HR for several values of M 2 when m 2 ϭ0. One sees ⌳ becomes smaller as M 2 becomes larger or as the wall radius becomes smaller. But the de Sitter supercurvature mode exists for any wall radius as long as M 2 Ͻ2H 2 . On the other hand, for M 2 Ͼ2H 2 , the de Sitter supercurvature mode ceases to exist when the wall radius becomes smaller than a critical value. Figure 8 shows the critical line on the (M /H,HR) plane on which the supercurvature mode disappears. The de Sitter supercurvature mode exists below the line.
This property of the supercurvature mode can be understood in analogy with the quantum mechanics described before. As the wall radius decreases, the position of the bubble wall 0 moves right in Fig. 5 of the potential U(). Also, as the mass M increases, the potential barrier outside the bubble wall Ͻ 0 becomes higher. These make it difficult to form a bound state. We note that U() has the deepest valley when the mass M is zero. This situation corresponds to the case when we assume the Bunch-Davies vacuum state inside the bubble and when the supercurvature mode contributes extremely ͓5͔.
Now we show the results of numerical calculations of the CMB anisotropy power spectrum l(lϩ1)C l in Fig. 9 for the ⍀ 0 ϭ0.1 universe with M 2 /H 2 ϭ2 and the wall radii HRϭ0.3, 0.5, 0.7, and 0.9. The curves are normalized by (3H 2 /5 B ) 2 . Here both continuous and discrete modes are included. To compare the results with the previous ones ͓27-30,5,13͔, we plotted two dashed lines in the figure. The top dashed curve is the result when the scalar field is in the Bunch-Davies vacuum ͓5,13͔, and the bottom dashed curve is the one in the conformal vacuum ͓27-30͔. All of the curves lie between these two curves. We see the amplitude becomes large as the wall radius increases, approaching that in the case of the Bunch-Davies vacuum. As described before, the contribution of the supercurvature mode is most for the Bunch-Davies vacuum and is least for the conformal vacuum. When the wall radius becomes large and the mass becomes small, the contribution from the supercurvature mode becomes large, which explains the behavior of the CMB power spectra in Fig. 9 . We have also calculated the CMB spectra for the ⍀ 0 ϭ0.3 universe. The results have turned out to be almost independent of the model parameters. In fact, if only C l (C) is taken into account, the difference between the Bunch-Davies vacuum and the conformal vacuum is only a few percent even for ⍀ 0 ϭ0.1 ͓5͔. Thus the differences are dominantly due to the de Sitter supercurva- ture mode C l (S) , but its contribution rapidly becomes negligible as one increases ⍀ 0 .
V. CONCLUSION
We have investigated in detail the quantum fluctuations and the resultant CMB anisotropies in two simple models of one-bubble open inflationary scenario. Before going into the analysis of the specific models, we have extended the previously developed formalism to investigate the quantum state inside the nucleated bubble, and derived formulas for the mode functions that take account of the effect of the tunneling described by the Coleman-De Luccia instanton. In the main stream, we have assumed the potential energy difference between the false and true vacua is small enough so that spacetime both inside and outside the bubble can be described by de Sitter space with a single Hubble parameter H, but the results can be easily extended to more general cases.
A complete description of a quantum state requires a complete set of mode functions that are normalizable on a Cauchy surface of the whole spacetime. This brings about new sets of fluctuation modes that had not been considered in most of the previous analyses of an open inflationary universe. In addition to the usual modes with continuous spectrum, there are modes with discrete spectrum corresponding to the fluctuations on supercurvature scales. For both the continuous and discrete modes, we have obtained general formulas of the spectrum of the CMB anisotropies on largeangular scales that result from the quantum fluctuations.
After these preparations, we have considered two simple classes of one-bubble open inflationary models. One is a single field model with the potential as illustrated in Fig.  1͑a͒ , assuming that the mass square in the false vacuum M 2 , is much larger than H 2 . The other is a two-field model in which the false vacuum decay is mediated by a scalar field different from the inflaton inside the bubble and the inflaton is massive in the false vacuum through the coupling with the tunneling field.
In the case of a single field model with M 2 ӷH 2 , there is one discrete mode that represents fluctuations of the bubble wall. We have shown that there is no other discrete mode in this model. Thus we have considered the CMB anisotropies due to the continuous modes and the wall fluctuation mode.
As far as the contribution of the continuous modes to the CMB anisotropies is concerned, we have found that it is approximately the same as in the case of the Bunch-Davies vacuum or the conformal vacuum. Hence we have focused on the wall fluctuation mode. The curvature perturbation due to the wall fluctuation mode is notable. It is always present in this model and its amplitude is totally determined by the part of the potential that governs the tunneling but has nothing to do with the scalar field dynamics inside the nucleated bubble. Since its amplitude is independent of the amplitude of the curvature perturbation due to the continuous modes, its contribution to the CMB anisotropies gives rise to an independent constraint on the model, just as the gravitational wave perturbation does to the usual inflation models. Fortunately, the constraint turns out to be relatively weak. Thus it is possible to construct a model in which the effect of the wall fluctuation mode can be neglected.
Here we make the following remark. The wall fluctuation mode has a peculiar property that curvature perturbations induced by it are transverse traceless, hence it can be regarded as a mode of tensor-type perturbations. This means that the perturbation of the scalar field might couple with the gravitational wave perturbation for this mode when the degrees of freedom of gravity are fully taken into account. But we have not incorporated them in the present analysis. Thus there remains a possibility that the final answer changes qualitatively. We hope to come back to this issue in the near future.
As for a two-field model, we have adopted the thin-wall approximation and assumed the mass of the inflaton changes such as the step function across the wall. Thus the model can be parametrized by the mass in the false vacuum M , the Hubble radius H, and the wall radius R. In this model, the origin of the discrete mode is different from that in the single field model. Since it originates from the spacetime structure of de Sitter space, we have called it the de Sitter supercurvature mode. The existence of the de Sitter supercurvature mode depends on the mass M of the inflaton at the false vacuum and on the radius R of the bubble wall. It appears when HR is large and M /H is small. For models with M /Hӷ1, the supercurvature mode disappears. Different from the wall fluctuation mode that appeared in the single field model, the amplitude of spatial curvature perturbations induced by this mode is determined by the scalar field dynamics at the open inflationary stage inside the bubble, as in the case of the continuous modes.
We have then investigated the spectrum of CMB anisotropies on large-angular scales in this model. Though the spectra of the curvature perturbations due to the continuous modes have different shapes on the curvature scale for different model parameters, we have found the resulting CMB power spectra do not significantly depend on the parameters for ⍀ 0 տ0.1. On the other hand, the parameter dependence appears clearly in the contribution of the de Sitter supercurvature mode to the CMB spectrum. The effect of this mode is appreciable when the wall radius is large (HRϳ1) and the mass is small (M /HӶ1). The effect is to raise the amplitudes of low multipoles at lՇ10 for models with ⍀ 0 Շ0.1. If this mode contributes significantly, the predicted CMB power spectra will contradict with COBE observations ͓13͔. However, for an open universe of ⍀ 0 տ0.3 as well as for models with small HR and large M /H, the effect of the supercurvature mode on the CMB anisotropies is practically negligible.
We comment on implications of our results to the largescale structure formation. As all our open models predict the Harrison-Zel'dovich spectrum on small scales, the difference can appear only from the normalization of the density perturbations. However, the difference will be negligible if we adopt the normalization scheme in terms of the likelihood analysis using the COBE result ͓38͔. This is because all the models predict practically the same CMB power spectrum at lտ10.
In summary, we have presented a detailed analysis of the quantum fluctuations in open universe in simple models of the one-bubble inflationary scenario and the resulting CMB anisotropies on large angular scales. We have found there exist ranges of model parameters that are consistent with CMB observations. Thus the one-bubble inflationary scenario is a viable one for explaining the large-scale structure of the universe and it certainly deserves further study. There are of course many issues left to be clarified in the future. For example, consideration of the continuous gravitational wave modes is definitely necessary. Analyses of more sophisticated models, such as several other two-field models proposed by Linde and Mezhlumian ͓6,7͔ are of particular interest. Inclusion of the degrees of freedom of the gravitational perturbation in the formalism from the beginning is a difficult issue but should be done in order to gain a more firm picture of the false vacuum decay and the subsequent evolution of the quantum state.
where we have used the fact ⌽ϩ⌿ϭ0, which follows from Eq. ͑A10͒. Combining Eqs. ͑B8͒ and ͑B9͒, we find
Noting that we have for LSS →0. This is just the formula to evaluate the CMB anisotropies due to scalar-type perturbations ͓31͔. Thus we have proved the equivalence of the tensor and scalar approaches to the CMB anisotropies when p 2 ϭϪ4, i.e., for the wall fluctuation mode.
value solution must have one node. Noting the constraints 0 Ͼ0 and ⌳Ͼ0, we can easily see that there would be no node in ͑IV͒. Thus the solution must have a node in ͑II͒ or ͑III͒. As we decrease ⌳ from 2, because ⌳ must vanish at ϭ 0 ϩ just before a node would first appear in ͑III͒, L would diverge for some value of ⌳. However, the changes of k and due to the variation of ⌳ would be at most of ϳ(1/k) and ϳ(1/), respectively, and accordingly the change of would be also small. Hence there is no chance that the denominator in L would vanish, which is a contradiction. Thus we conclude that there is no discrete mode other than the wall fluctuation mode in this limiting case.
